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Transformations of the Plane--Il

Types of Transformations

In this unit we will be studying three types of transformations: shifts, stretches/compressions, and
reflections over an axis. We will apply these in both the horizontal and vertical directidren We
include up and down, left and right, stretch and compress, well@dvasic transformations

Complete the following table by filling in inpwutput rules and transformation equations to match the
graphical descriptions given. One of each typeizedfor you

Table 1: Examples of 10 Basic Transformations

Graphical Description Input -output Rule Transformation Equations
Shift left 5 units X,Y)" (X#5,y) X=x"5
y'=y

Shift right 2.5 units

Shift up 2 units

Shift down ” units

Reflect over the yaxis xy)" #xy) X="X

(horizontal reflection) y'=y

Reflect over the saxis (vertical

reflection)

Horizontal stretch by a factor of| (X,y) = (6X,Y) X'= 6X

° y=y

Horizontal compression by a # & 2

factor of 2/3 x.y" %“33’ X Y( =35
Y=y

Vertical stretch by a factor of 2.t

Vertical compression by a factol
of 0.7

Other Transformations

There are many other types of imaort transformations. WeOve seen two of these in this course when
we studied symmetry and inverse functions.
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Complete the following table:

Table 2: Other Transformations

Graphical Description Input -output Rule Transformation Equations

Reflect across therigin

Reflect across the ling = X

Even symmetry is related to one of the basic transformations in the first table above. Which one?

Other important transformations we will not consider at all include rotations, and transéos1ealled
general linear and affine transformations (our three basic transformations are actually specific types of
linear and affine transformations).

Terminology

Translation is the technical term for a shift of any amount in any direction.

Dilation is the term for any stretch or compression. (This does conflict with the common English usage,
where OdilateO means to make bigger, and a OdilationO is an enlargement.)

We will use the more informal terminology in this course: OstretchO, Ocompress@ff@ndrosishould
be aware of these more formal terms should you come across them in your mathematical travels.

Composition of Transformations

Since transformations are functions, and functions can be composed, transformations can be composed to
form morecomplex transformations. The output of one transformation becomes the input to the next.

In this course we will study transformations made up of composition of one or more of the following six
types. That is, up to six transformations out of the basia 1ite first table above.

¥ Horizontal reflection

¥ Horizontal stretch or compress (that is, either a stretch or compress, not both)
¥ Horizontal shift left or right

¥ Vertical reflection

¥ Vertical stretch or compress

¥ Vertical shift up or down

Rule of a Compositio n of Transformations

Since transformations are a type of function, they can be composed in the same manner as other
functions: the output of one function is the input to the next. The-oyput rule and transformation
equations for composition of tradesmations can be determined by applying the rule and equations for
each transformation in turn.

Find the inputoutput rule and transformation equations of the compositions in the following table. Note
that each successive rule and pair of equatioogrigilative. That is, each rule and pair of equations
includes the effects of the previous transformations. Also apply each individual transformation in turn to
2 different example points. Finally, test your final set of equations by plugging in yourabegemple

points and see if they match the points after the last transformation step. The first example in the table is
done for you.
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Graphical Input -output Rule Transformation Example Points
Description Equations
Example 1 1,1 (2,88)
Horizontal X, y)" (#xy) X'="X (L, 1) (E, £8)
reflection y'=y
Horizontal shift| (X,y)" #x+3yy) X'="x+3 (B1+3, 1) (E2+3,E8)
right 3 y'=y =(2,1) = (1,E8)
compress byt | 00" (xeagy) | 2T GUEY G
Y=§y
Test examples in final transformation (BL+3,1/2*%1) | (ER+3,1/2E8)
equations =2,1/2) = (188/2)
Example 2 You choose the example points (but not on
either axs)
Horizontal

stretch by 4

Horizontal shift
left 5.5

Vertical
reflection

Vertical
compress by
1/3

Vertical shift
down 6

Test examples in final transformation

equations
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Graphical Input -output Rule Transformation Example Points
Description Equations
Example 3 You choose the example points (Imatt on
either axis)
Horizontal

stretch by 2

Horizontal shift

left 3
Test examples in final transformation
equations
Example 4 Use the same example points as in example

Horizontal shift
left 3

Horizontal
stretch by 2

Test examples in final transformation
equations

Commutativity

Based on examples (3) and (4) in the table above, is composition of transformations commutative (a OnoO
answer means that order counts; a OyesO answer means order does not count)?

If you answered OyesO to this question, check your work for examples 3 and 4 in the previous table.

So a horizontal stretch by 2 followed by a shift left 3 is not the same as a left 3 followed by a horizontal
stretch 2. Find a shithenstretch combination that does give the same result as stretch by 2 then shift
left 3. Give both a graphical description and a set of transformation equations.

Does this last result generalize? That is, given any stretch/contpegsshift compodion, is there an
equivalent shifthenstretch/compress composition? If a horizontal stretch/compres$vidyerea is a
positive number, either >1 for stretch or <1 for compress) is followed by a horizontal bt(etichreb
can be any number, posititer right and negative for left), find an equivalent shiifénstretch/compress
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composition. Give both a graphical description and a set of transformation equations. Enter your answer
in the right two columns of the following table. The final pairsrahsformation equations should be
equivalent.

Table 4
Graphical Description Transformation Graphical Description Transformation
Equations Equations
Horizontal X'=ax Horizontal shift by
stretch/compress by a —
pressoya | y=y
Horizontal shiftby b x'=ax+b Horizontal
y'=y stretch/compress by

Some pairs of basic transformation do commute. See how many such pairs you can identify. Check your
answers by deriving composed transformation equations in the same mannebks3n ta

Inverse Transformations

Each of the 10 basic transformations weOre studyingis-& function. Therefore each has an inverse
transformation. (Since graphing a transformation would requirdiménsional graph, we cannot use the
horizontalline test to determine if a transformation has an inverse. We must use the more gengral 1
test.)

Determine the graphical description of the inverse of each of the following transformations:

Table 5: Inverse Transformations

Graphical Description Graphical Description of Inverse

Shift left 5 units

Shift right 2.5 units

Shift up 2 units

Shift down ” units
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Graphical Description Graphical Description of Inverse

Reflect over the yaxis (horizontal reflection)

Reflect over the saxis (vertical reflectin)

Horizontal stretch by a factor of 6

Horizontal compression by a factor of 2/3

Vertical stretch by a factor of 2.5

Vertical compression by a factor of 0.7

What did you notice about two of the transformations? List the two and whabted n

Inverse of a Composition

Find the inverse of the composite transformations in the table below. First find the transformation
equations of the original transformation the same way as in Table 3. Then test your result by applying the
equations othe original transformation to a test point to get the image point, then apply the inverse
equations to the image point to get the original point. You may choose your own test points, except do
not choose points on either axis. (Note: this is not, ofssga proof that your inverse is correct, but it is

good evidence the two sets of equations are inverses.) The first example is done for you.

Table 6: Inverse of a Composition

Graphical Transformation Graphical Transformation
DescriptionN Original equationdN Original Deription N Inverse equationN Inverse
Example 1
Reflection overy | X'="X Reflection over yaxis x'="x
axis _ [
y=y y=y
Horizontal stretch | X'=" 3X Horizontal compress by , 1
by 3 . 1/3 X= 3 X
y=y
y=Yy
Shift left 2
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Graphical Transformation Graphical Transformation

DescriptionN Original

equationdN Original

Deription N Inverse

equationsN Inverse

Test point:
(1,£0)

Image point:
(E8, £2)

Inverse of image point:

(1,£2)

Example 2

Shift right 4

Shift down 1

Reflection over x
axis

Vertical
compression by 1/3

Test point:

Image point:

Inverse of imag point:

Example 3

Shift left
6

Horizontal
compress by 2/3

Vertical stretch by
4

Shift up 3

Test point:

Image point:

Inverse of image point:

In summary, the inverse of a composition is the composition of the inverses réueise order. In other
words, if T, T, and T, are transformations, the(rTl! T,! T3) = (T3"1 ! T2”1 ! Tll) This result actually

generalizes to all functions that have inverse functions.
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Mixed Practice

Fill in the missing information in the following table:

Table 7
Graphical Transformation Graphical Transformation
DescriptionN Original equationdN Original DescriptionN Inverse equationN Inverse
Example 1
1
X'="=X+2
2
yI: 8y n 7
Example 2

¥ Shift right 4

¥ Reflect over

y-axis
¥ Horiz.
compress 1/2
¥ Shift down
7/8

¥ Vert stretch
by 8
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Transformation
equationdN Original

Graphical
DescriptionN Inverse

Transformation
equationN Inverse

Graphical
DescriptionN Original
Example 3

¥ Reflect over

y-axis
¥ Horiz stretch
by 5/3
Shift left 1
Reflect over
X-axis

¥ Vert.

compress 1/4
¥  Shift down 3

Example 4

5# 3&
—n g ~
= 3¢ s
yl=|| 1(y+12)
4

What relationship exists between examples 1 and 2 amgbptexamples 3 and 47?



